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Let B(H) be the space of all bounded linear operators on a complex separable Hilbert
space H. Bohr inequality for Hilbert space operators asserts that for A, B ∈ B(H) and
p,q > 1 real numbers such that 1/p + 1/q = 1,
|A + B|2  p|A|2 + q|B|2
with equality if and only if B = (p−1)A. In this paper, a number of generalizations of Bohr
inequality for operators in B(H) are established. Moreover, Bohr inequalities are extended
to multiple operators and some related inequalities are obtained. The results in this paper
generalize results known so far. The idea of transforming problems in operator theory to
problems in matrix theory, which are easy to handle, is the key role.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Inequalities have proved to be a powerful tool in mathematics. This paper is focused on inequalities of Bohr type. The
classical Bohr inequality [1] asserts that
|a + b|2  p|a|2 + q|b|2 (1)
for complex numbers a,b and real numbers p,q > 1 such that 1/p + 1/q = 1. Such p and q are called conjugate exponents.
The equality occurs if and only if ap = bq (i.e. b = (p − 1)a or a = (q − 1)b). This inequality can be stated equivalently
|a + b|2  (1+ c)|a|2 +
(
1+ 1
c
)
|b|2
for any c > 0. In this case, equality holds if and only if b = ca.
Over the years, a number of generalizations of Bohr inequality have been established. An analog of this inequality in the
context of vectors in normed spaces is shown in [4]. Hirzallah [3] generalized (1) to the context of Hilbert space operators
and gave operator norm versions for this inequality. In [2], Bohr inequality for Hilbert space operators is established for
all positive conjugate exponents, in particular, the parallelogram law and some other interesting operator inequalities are
obtained. Recently, Zhang [5] presented generalizations of Bohr inequality for two and multiple operators.
In this paper we continue to work on Bohr inequalities for bounded linear operators on a Hilbert space (i.e. Hilbert
space operators). A number of generalizations of Bohr inequality are established. Moreover, Bohr inequalities are extended
to multiple operators and some related inequalities are obtained. For each inequality, we also determine a necessary and
suﬃcient condition for the equality case. Our results generalize the previous works [2,3,5].
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separable Hilbert space H which is equipped by the inner product 〈·,·〉. The zero operator is denoted by 0. A self-adjoint
operator A ∈ B(H) is positive if the quadratic form 〈Ax, x〉 is nonnegative for all x ∈ H. Given self-adjoint operators
A, B ∈ B(H), A  B means that A − B is a positive operator. In particular, A  0 indicates that A is positive. The abso-
lute value or modulus of A ∈ B(H) is deﬁned by
|A| = (A∗A)1/2
where A∗ is the adjoint of A. Although A is not positive, |A| is always positive. Note that |A| = 0 if and only if A = 0.
2. Operator Bohr inequality of type I
First of all, we recall Bohr inequality for Hilbert space operators.
Theorem 1 (Bohr inequality). (See [3].) Let A, B ∈ B(H) and p,q > 1 real numbers such that 1/p + 1/q = 1. Then
|A + B|2  p|A|2 + q|B|2 (2)
with equality if and only if pA = qB (i.e. B = (p − 1)A or A = (q − 1)B).
In this section we generalize operator Bohr inequalities in the form (2).
Theorem 1 can be generalized by removing conjugate exponents as follows.
Theorem 2. Let A, B ∈ B(H) and α,β ∈ R.
(i) If α,β > 0, then
1
α + β |A + B|
2  1
α
|A|2 + 1
β
|B|2. (3)
The inequality is reversed for α,β < 0. Equalities hold if and only if βA = αB.
(ii) If α > 0, β < 0, then
1
α − β |A − B|
2  1
α
|A|2 − 1
β
|B|2. (4)
The reverse inequality holds for α < 0, β > 0. Equalities hold if and only if βA + αB = 0.
Proof. (i) From (2), setting p = α+βα , q = α+ββ (hence, p,q > 1) yields
|A + B|2  α + β
α
|A|2 + α + β
β
|B|2.
Multiplying both sides with 1α+β > 0 yields (3). In case of α,β < 0, we have α+β < 0 and the reverse inequality is obtained.
Equalities hold if and only if pA = qB , i.e., βA = αB . To obtain (4) and its reverse in (ii), apply (i) to α,−β . 
The condition p,q > 1 with 1/p + 1/q = 1 in (2) is restricting. In fact, we can extend (2) to a more ﬂexible condition
p,q, s > 0 with 1/p + 1/q = 1/s.
Theorem 3. For A, B ∈ B(H) and p,q, s > 0 such that 1/p + 1/q = 1/s,
s|A + B|2  p|A|2 + q|B|2 (5)
with equality if and only if pA = qB.
Proof. From (3), put p = 1α , q = 1β , s = 1α+β . We have p,q, s > 0 with 1/p + 1/q = 1/s and hence (5) with equality if and
only if pA = qB . 
The case s = 1 (hence p,q > 1) in this theorem yields Theorem 1.
Next we consider inequalities in more general form with real parameters s, t, p,q, i.e., discuss the inequality of the form
|sA + tB|2  p|A|2 + q|B|2 (6)
or its reverse. To do this job, the next lemma is very useful. It provides suﬃcient conditions for the quadratic form involving
the absolute values of operators to be positive. This result is of interest in its own right. In fact, the ﬁrst part of the result
was proved in [5, Lemma 1]. We give another proof which is very simple.
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If α,γ  0, then −X is positive.
Proof. Suppose that α,γ  0. If γ = 0, we have β = 0 and we are done. For γ > 0, since α  β2γ , we obtain
α|A|2 + β(A∗B + B∗A) + γ |B|2  β
2
γ
|A|2 + β(A∗B + B∗A) + γ |B|2
=
∣∣∣∣ β√γ A + √γ B
∣∣∣∣
2
 0.
Thus, X is positive. Now suppose that α,γ  0. If γ = 0, we are done. For γ < 0, since −α − β2γ , we get
−α|A|2 − β(A∗B + B∗A) − γ |B|2 −β
2
γ
|A|2 − β(A∗B + B∗A) − γ |B|2
=
∣∣∣∣ β√−γ A −
√−γ B∣∣∣∣
2
 0.
Thus, −X is positive. 
Remark 5. For an n × n complex Hermitian (self-adjoint) matrix A, A  0 means that A is a positive matrix, i.e., 〈Ax, x〉 :=
x∗Ax is nonnegative for all x ∈ Cn . This notion is analogous to the notion of positive operator. A  0 represents that −A
is positive. The condition α,γ  0 and αγ  β2 in the preceding lemma can be recognized as positive deﬁniteness of the
matrix
X
′ :=
(
α β
β γ
)
.
Similarly, the condition α,γ  0 and αγ  β2 is equivalent to positive deﬁniteness of the matrix −X ′ . This suggests us to
transform the problem of determining the positive deﬁniteness of quadratic form of operators to the problem of determining
the positive deﬁniteness of matrices.
In order to determine the necessity and suﬃciency condition for the equality case in (6) or its reverse, the following
lemma will be frequently used.
Lemma 6. Let A, B ∈ B(H). For α,β,γ ∈ R such that α,γ  0 and αγ  β2 , the equality
α|A|2 + β(A∗B + B∗A) + γ |B|2 = 0 (7)
occurs if and only if one of the following holds:
(i) α = γ = 0,
(ii) A = B = 0,
(iii) A = 0 and γ = 0,
(iv) B = 0 and α = 0,
(v) αA + βB = 0 and αγ = β2 = 0 (i.e. βA + γ B = 0 and αγ = β2 = 0).
Proof. The suﬃciency is quite obvious. For the necessity, there are 4 choices of α,γ . If α = γ = 0, we are done. If α > 0,
γ = 0, we get β = 0 and then A = 0. If α = 0, γ > 0, we get β = 0 and then B = 0. Now for the case α > 0, γ > 0, let
λ = αγ − β2. We have λ 0 and γ = λ+β2α . Hence,
α|A|2 + β(A∗B + B∗A) + γ |B|2 = α|A|2 + β(A∗B + B∗A) + λ + β
2
α
|B|2
= α|A|2 + β(A∗B + B∗A) + β
2
α
|B|2 + λ
α
|B|2
=
∣∣∣∣√αA + β√ B
∣∣∣∣
2
+ λ |B|2.
α α
528 P. Chansangiam et al. / J. Math. Anal. Appl. 356 (2009) 525–536If αγ = β2, then |√αA + β√
α
B| = 0, i.e., αA + βB = 0. So we have αA + βB = 0, αγ = β2 and α = 0. But if γ = 0, we
have β = 0 and A = 0 which is included in (iii). The condition α = 0 and γ = 0 is equivalent to αγ = 0. Therefore, we can
simplify the condition αA + βB = 0, αγ = β2 and α = 0 to
αA + βB = 0 and αγ = β2 = 0
which is equivalent to βA + γ B = 0 and αγ = β2 = 0. If αγ > β2, then |√αA + β√
α
B| and |B| must be the zero operators.
Hence, A = B = 0. 
Theorem 7. For A, B ∈ B(H) and s, t ∈ R, p,q > 0 such that s2p + t
2
q = 1,
|sA + tB|2  p|A|2 + q|B|2 (8)
holds with equality if and only if one of the following occurs:
(i) A = 0 and s = 0 (i.e. A = 0 and q = t2),
(ii) B = 0 and t = 0 (i.e. B = 0 and p = s2),
(iii)
√
p − s2A =√q − t2B ( for st > 0),
(iv)
√
p − s2A +√q − t2B = 0 ( for st < 0).
Proof. From hypothesis, we have s
2
p ,
t2
q  1, i.e., p  s2 and q t2. Expanding |sA + tB|2, we get
|sA + tB|2 = s2|A|2 + st(A∗B + B∗A) + t2|B|2.
Hence,
p|A|2 + q|B|2 − |sA + tB|2 = (p − s2)|A|2 − st(A∗B + B∗A) + (q − t2)|B|2.
Since s
2
p + t
2
q = 1, we obtain(
p − s2)(q − t2)− (−st)2 = pq − pt2 − qs2 + s2t2 − s2t2 = pq − pq = 0.
That is (p − s2)(q − t2) = (−st)2, i.e., |st| = (p − s2)(q − t2). By Lemma 4, we can conclude that (8) holds. For the case of
equality, observe that hypothesis allows three cases: (i) p > s2,q > t2, (ii) s = 0 and (iii) t = 0. If s = 0, we get A = 0. If
t = 0, we get B = 0. Now consider the case p > s2, q > t2. It can occur in two ways: st > 0 and st < 0. For the case st > 0,
Lemma 6 implies that the equality in (8) holds if and only if(
p − s2)A − |st|B = 0 and (p − s2)(q − t2)= (−st)2
which is equivalent to√
p − s2A =
√
q − t2B and st =
√(
p − s2)(q − t2).
In fact, st =√(p − s2)(q − t2) is just the hypothesis for st > 0. For the case st < 0, Lemma 6 implies that the equality in (8)
holds if and only if(
p − s2)A + |st|B = 0 and (p − s2)(q − t2)= (−st)2
which is equivalent to√
p − s2A +
√
q − t2B = 0 and st = −
√(
p − s2)(q − t2).
In fact, st = −√(p − s2)(q − t2) is just the hypothesis for st < 0. 
Alternatively, the inequality (8) can be proved by making use of Theorem 3 as follows.
Another Proof of (8). Let x, y > 0 be arbitrary. In (5), replace A, B with 1√
x
A, 1√
x
B , respectively. We get
∣∣∣∣
√
s
x
A +
√
s
y
B
∣∣∣∣
2
 p
x
|A|2 + q
y
|B|2.
Now set α =
√
s
x , β =
√
s
y , λ = px and μ = qy . We obtain
|αA + βB|2  λ|A|2 + μ|B|2.
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1
p
+ 1
q
= 1
λx
+ 1
μy
= α
2
λs
+ β
2
μs
=
(
α2
λ
+ β
2
μ
)
1
s
.
Hence, α
2
λ
+ β2μ = 1. Since x, y > 0 are arbitrary, we can replace α,β,λ,μ with any positive real numbers s, t, p,q, respec-
tively. That is (8) is valid for s, t, p,q > 0 such that s
2
p + t
2
q = 1. Observe that we can freely replace A with −A or B with −B .
This is equivalent to replace s with −s or t with −t . Thus, (8) is valid for s, t ∈ R, p,q > 0 such that s2p + t
2
q = 1. 
In particular, this theorem implies the relationship between
|αA + βB|2 and α|A|2 + β|B|2.
Corollary 8. Let A, B ∈ B(H). For α,β > 0, we have
1
α + β |αA + βB|
2  α|A|2 + β|B|2. (9)
The inequality is reversed for α,β < 0. Equality holds if and only if A = B in both cases.
Proof. Set s = α, t = β , p = α(α + β) and q = β(α + β) in Theorem 7. 
As a special case of this result, we obtain that for 0 α  1,∣∣αA + (1− α)B∣∣2  α|A|2 + (1− α)|B|2. (10)
In Theorem 7, the equality case A = B = 0 is embedded in (iii) and (iv). Note that, for ﬁxed p,q (8) holds true for all
pairs (s2, t2) satisfying
s2
p
+ t
2
q
= 1.
This equation describes the ellipse with the center at the origin and with the major and minor axes equal to p,q. Next we
consider pairs (s2, t2) that lie within this ellipse.
Theorem 9. Let A, B ∈ B(H) and s, t ∈ R, p,q = 0 such that s2p + t
2
q  1.
(a) If s2  p and t2  q, then
|sA + tB|2  p|A|2 + q|B|2, (11)
with equality if and only if one of the following occurs:
(i) A = B = 0,
(ii) A = 0 and q = t2 ,
(iii) B = 0 and p = s2 ,
(iv)
√
p − s2A =√q − t2B and st =√(p − s2)(q − t2),
(v)
√
p − s2A +√q − t2B = 0 and st = −√(p − s2)(q − t2).
(b) If s2  p and t2  q, then
|sA + tB|2  p|A|2 + q|B|2, (12)
with equality if and only if one of the following occurs:
(i) A = B = 0,
(ii) A = 0 and q = t2 ,
(iii) B = 0 and p = s2 ,
(iv)
√
s2 − pA +√t2 − qB = 0 and st =√(s2 − p)(t2 − q),
(v)
√
s2 − pA =√t2 − qB and st = −√(s2 − p)(t2 − q).
Proof. (a) Expanding |sA + tB|2, we get
p|A|2 + q|B|2 − |sA + tB|2 = (p − s2)|A|2 − st(A∗B + B∗A) + (q − t2)|B|2.
Since s
2
p + t
2
q  1, we have pt2 + qs2  pq and(
p − s2)(q − t2)− (−st)2 = pq − pt2 − qs2  0.
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cases: (i) p > s2, q = t2, (ii) p = s2, q > t2 and (iii) p > s2, q > t2. For p > s2, q = t2, by Lemma 6, we get A = 0 and q = t2.
For p = s2, q > t2, by Lemma 6, we get B = 0 and p = s2. Now for p > s2, q > t2, it can occur in 3 ways: st = 0, st > 0 and
st < 0. If st = 0, it can be referred to part (ii) of Lemma 6 that A = B = 0. If st > 0, we obtain√
p − s2A =
√
q − t2B and st =
√(
p − s2)(q − t2).
Similarly, if st < 0, we obtain√
p − s2A +
√
q − t2B = 0 and st = −
√(
p − s2)(q − t2).
Part (b) can be proved in the similar way. 
3. Operator Bohr inequality of type II
The Bohr inequality (2) is extended to all possible cases of p,q as follows.
Theorem 10. (See [2].) Let A, B ∈ B(H) and p,q real numbers such that 1/p + 1/q = 1.
(i) If p < 1, then
|A − B|2 + ∣∣(p − 1)A + B∣∣2  p|A|2 + q|B|2, (13)
|A − B|2 + ∣∣A + (q − 1)B∣∣2  p|A|2 + q|B|2, (14)
with equality if and only if B = (1− p)A.
(ii) If 1 < p  2, then
|A − B|2 + ∣∣(p − 1)A + B∣∣2  p|A|2 + q|B|2, (15)
|A − B|2 + ∣∣A + (q − 1)B∣∣2  p|A|2 + q|B|2, (16)
with equality if and only if p = q = 2 or B = (1− p)A.
(iii) If p > 2, then
|A − B|2 + ∣∣(p − 1)A + B∣∣2  p|A|2 + q|B|2, (17)
|A − B|2 + ∣∣A + (q − 1)B∣∣2  p|A|2 + q|B|2, (18)
with equality if and only if B = (1− p)A.
In this section, operator Bohr inequalities in the form like in this theorem are obtained with removing the conditions
1 < p  2, p > 2 and p < 1.
Theorem 11. Let A, B ∈ B(H) and α,β ∈ R with αβ > 0. Then
|A − B|2 + 1
α2
|βA − αB|2  α − β
α
|A|2 − α − β
β
|B|2, (19)
|A − B|2 + 1
β2
|βA − αB|2  α − β
α
|A|2 − α − β
β
|B|2, (20)
with equalities if and only if βA = αB.
Proof. If α = β , we are done. Now assume that α = β . Since αβ > 0 implies βα > 0, p := α−βα < 1. Set q = α−β−β . We
have 1/p + 1/q = 1. It follows from (13) that (19) holds. Similarly, (20) is derived from (14). Equalities hold if and only if
B = (1− p)A, i.e., βA = αB . 
Theorem 12. Let A, B ∈ B(H) and α,β ∈ R with αβ > 0. If |α| |β|, then
|A − B|2 + 1
α2
|βA + αB|2  α + β
α
|A|2 + α + β
β
|B|2, (21)
|A − B|2 + 1
β2
|βA + αB|2  α + β
α
|A|2 + α + β
β
|B|2. (22)
All equalities hold if and only if α = β or βA + αB = 0.
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1 < p := α + β
α
 α + β
β
=: q.
From (15) and (16), we obtain (21) and (22), respectively. The case of equality follows from p = q = 2 or B = (1− p)A. 
The inequality (21) appeared in [2, Theorem 3, part (a)].
Theorem 13. Let A, B ∈ B(H) and α,β ∈ R with αβ > 0. If |α| |β|, then
|A − B|2 + 1
α2
|αA + βB|2  α + β
β
|A|2 + α + β
α
|B|2, (23)
|A − B|2 + 1
β2
|αA + βB|2  α + β
β
|A|2 + α + β
α
|B|2. (24)
Inequalities are reverse for |α| |β|. All equalities hold if and only if α = β or αA + βB = 0.
Proof. The case |α| = |β| implies α = β and
|A − B|2 + |A + B|2 = 2|A|2 + 2|B|2
which is the parallelogram law [2]. For p,q such that 1/p + 1/q = 1, the condition p > 2 is equivalent to 1 < q < 2. That
is p > q. In the case |α| > |β|, (23) and (24) follow from (18) and (17) via setting p = (α + β)/β , q = (α + β)/α. The
reverse inequalities are obtained by swapping α with β in (22) and (21). The case of equality for |α| > |β| follows from
B = (1− p)A. 
Corollary 14. Let A, B ∈ B(H) and α,β ∈ R with αβ > 0. If |α| |β|, then
|A − B|2 + 1
α2
|βA + αB|2  α + β
α
|A|2 + α + β
β
|B|2, (25)
|A − B|2 + 1
β2
|βA + αB|2  α + β
α
|A|2 + α + β
β
|B|2. (26)
All equalities hold if and only if α = β or βA + αB = 0.
Proof. Swap α with β in (24) and (23). 
Next, we consider results for αβ < 0. These inequalities are established via setting appropriate values of p and q. The
proofs of them are similar to those of the previous results in this section.
Theorem 15. Let A, B ∈ B(H) and α,β ∈ R with αβ < 0. Then
|A − B|2 + 1
α2
|βA + αB|2  α + β
α
|A|2 + α + β
β
|B|2, (27)
|A − B|2 + 1
β2
|βA + αB|2  α + β
α
|A|2 + α + β
β
|B|2, (28)
with equalities if and only if βA + αB = 0.
Proof. If α + β = 0, we are done. Otherwise, set p = α+βα , q = α+ββ (hence p < 1) in (13) and (14). 
Theorem 16. Let A, B ∈ B(H) and α,β ∈ R with αβ < 0. If |α| |β|, then
|A − B|2 + 1
α2
|βA − αB|2  α − β
α
|A|2 − α − β
β
|B|2, (29)
|A − B|2 + 1
β2
|βA − αB|2  α − β
α
|A|2 − α − β
β
|B|2. (30)
All equalities hold if and only if α + β = 0 or βA = αB.
Proof. Set p = α−βα , q = α−β−β in (15) and (16). 
The inequality (29) appeared in [2, Theorem 3, part (b)(i)].
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|A − B|2 + 1
α2
|αA − βB|2 −α − β
β
|A|2 + α − β
α
|B|2, (31)
|A − B|2 + 1
β2
|αA − βB|2 −α − β
β
|A|2 + α − β
α
|B|2. (32)
Inequalities are reverse for |α| |β|. All equalities hold if and only if α + β = 0 or αA = βB.
Proof. The case |α| = |β|, which implies α + β = 0, is just the parallelogram law. For |α| > |β|, set p = α−β−β and q = α−βα
in (18) and (17). The reverse inequalities are obtained by swapping α with β in (30) and (29). 
The inequality (32) appeared in [2, Theorem 3, part (b)(ii)]. By swapping α with β in (32) and (31), we get the following
result.
Corollary 18. Let A, B ∈ B(H) and α,β ∈ R with αβ < 0. If |α| |β|, then
|A − B|2 + 1
α2
|βA − αB|2  α − β
α
|A|2 − α − β
β
|B|2, (33)
|A − B|2 + 1
β2
|βA − αB|2  α − β
α
|A|2 − α − β
β
|B|2. (34)
All equalities hold if and only if α + β = 0 or βA = αB.
Now, we will generalize the previous results in this section by adding parameter s.
Theorem 19. Let A, B ∈ B(H). Let p,q, s be nonzero real numbers such that 1/p + 1/q = 1/s. If pq < 0 and p + q < 0, then
s
(
|A − B|2 +
∣∣∣∣ pq A + B
∣∣∣∣
2)
 p|A|2 + q|B|2, (35)
s
(
|A − B|2 +
∣∣∣∣A + qp B
∣∣∣∣
2)
 p|A|2 + q|B|2, (36)
with equalities if and only if pA + qB = 0.
Proof. From (19) in Theorem 11, if αβ > 0 and α − β > 0, we have
1
α − β |A − B|
2 + 1
α − β
∣∣∣∣βα A − B
∣∣∣∣
2
 1
α
|A|2 − 1
β
|B|2.
Set p = 1α , q = − 1β and s = 1α−β . We get pq < 0, p + q < 0 and 1/p + 1/q = 1/s. Hence, we obtain (35). The inequality (36)
can be proved in the same way by using (20). The case of equality follows from βA = αB . 
Theorem 20. Let A, B ∈ B(H) and p,q, s > 0 such that 1/p + 1/q = 1/s. If p  q, then
s
(
|A − B|2 +
∣∣∣∣ pq A + B
∣∣∣∣
2)
 p|A|2 + q|B|2, (37)
s
(
|A − B|2 +
∣∣∣∣A + qp B
∣∣∣∣
2)
 p|A|2 + q|B|2. (38)
The reverse inequalities hold for p  q. Equalities hold if and only if p = q or pA + qB = 0.
Proof. From (21) in Theorem 12, if α  β > 0, we have
1
α + β |A − B|
2 + 1
α + β
∣∣∣∣βα A + B
∣∣∣∣
2
 1
α
|A|2 + 1
β
|B|2.
Set p = 1α , q = 1β and s = 1α+β . We get p,q, s > 0, p  q and 1/p + 1/q = 1/s. Hence, we obtain (37). To get the reverse
inequality, use the reverse inequality of (21) in Theorem 12 which occurs if 0 < α  β , i.e., p  q. Applying the same idea
to (22) in Theorem 12, we obtain (38). The case of equality follows from the condition α = β or βA + αB = 0. 
Next we consider operator inequality in more general form. We would like to compare
∑n
i=1 |αi A + βi B|2 with
p|A|2 + q|B|2.
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Ψ =
n∑
i=1
α2i − p, Ω =
n∑
i=1
β2i − q and Θ =
n∑
i=1
αiβi .
(a) The inequality
n∑
i=1
|αi A + βi B|2  p|A|2 + q|B|2 (39)
holds if Ψ  0, Ω  0 and ΨΩ Θ2 , which is equivalent to the positive deﬁniteness of the matrix
X :=
(
Ψ Θ
Θ Ω
)
.
(b) The inequality
n∑
i=1
|αi A + βi B|2  p|A|2 + q|B|2 (40)
holds if Ψ  0, Ω  0 and ΨΩ Θ2 , which is equivalent to X  0.
The equality in (39) and (40) holds if and only if one of the following occurs:
(i) Ψ = Ω = 0,
(ii) A = B = 0,
(iii) A = 0 and Ω = 0,
(iv) B = 0 and Ψ = 0,
(v) Ψ A + ΘB = 0 and ΨΩ = Θ2 = 0 (i.e. Θ A + ΩB = 0 and ΨΩ = Θ2 = 0).
Proof. (a) Expanding
∑n
i=1 |αi A + βi B|2, we get
n∑
i=1
|αi A + βi B|2 − p|A|2 − q|B|2
= (α21 + · · · + α2n − p)|A|2 + (α1β1 + · · · + αnβn)(A∗B + B∗A) + (β21 + · · · + β2n − q)|B|2
= Ψ |A|2 + Θ(A∗B + B∗A) + Ω|B|2.
Since Ψ  0,Ω  0 and ΨΩ  Θ2, it follows from Lemma 4 that (39) holds. The case of equality can be obtained from
Lemma 6. Part (b) can be proved in the similar way. 
Remark 22. If (39) holds for all A, B ∈ B(H), then X is positive semideﬁnite. This fact can be proved by using the deﬁnition
of positive semideﬁnite matrix and Remark 5. It is similar for (40).
4. Some related operator inequalities
In this section we present some operator inequalities involving Bohr inequality.
Theorem 23. Let A, B ∈ B(H) and αi, βi, λi,μi ∈ R for i = 1,2, . . . ,n. Set
Ψ1 =
n∑
i=1
α2i , Ω1 =
n∑
i=1
β2i , Θ1 =
n∑
i=1
αiβi,
Ψ2 =
n∑
i=1
λ2i , Ω2 =
n∑
i=1
μ2i , Θ2 =
n∑
i=1
λiμi .
If Ψ1  Ψ2 , Ω1 Ω2 and Θ1 = Θ2 , then
n∑
i=1
|αi A + βi B|2 
n∑
i=1
|λi A + μi B|2 (41)
with equality if and only if one of the following holds:
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(ii) A = B = 0,
(iii) A = 0 and Ω1 = Ω2 ,
(iv) B = 0 and Ψ1 = Ψ2 .
Proof.
n∑
i=1
|αi A + βi B|2 −
n∑
i=1
|λi A + μi B|2
=
(
n∑
i=1
α2i −
n∑
i=1
λ2i
)
|A|2 +
(
n∑
i=1
αiβi −
n∑
i=1
λiμi
)
(A∗B + B∗A) +
(
n∑
i=1
β2i −
n∑
i=1
μ2i
)
|B|2
= (Ψ1 − Ψ2)|A|2 + (Θ1 − Θ2)(A∗B + B∗A) + (Ω1 − Ω2)|B|2.
Since Ψ1 − Ψ2  0, Ω1 − Ω2  0 and (Ψ1 − Ψ2)(Ω1 − Ω2)  0 = (Θ1 − Θ2)2, by making use of Lemma 4, we obtain (41).
The case of equality follows from Lemma 6. 
For the case n = 1, we obtain:
Corollary 24. Let A, B ∈ B(H) and α,β,λ,μ ∈ R. If |α| |λ|, |β| |μ| and αβ = λμ, then
|αA + βB|2  |λA + μB|2 (42)
with equality if and only if one of the following holds:
(i) |α| = |λ| and |β| = |μ|,
(ii) A = B = 0,
(iii) A = 0 and |β| = |μ|,
(iv) B = 0 and |α| = |λ|.
By applying the famous Löwner–Heinz inequality (the operator monotonicity of the map Φ(A) = Ar for 0 r  1) to (42),
we thus have:
Corollary 25. Let A, B ∈ B(H) and α,β,λ,μ ∈ R. If |α| |λ|, |β| |μ| and αβ = λμ, then
|αA + βB| |λA + μB|. (43)
This corollary provides a suﬃcient condition for comparing absolute values of linear combination of operators.
5. Bohr inequality for multiple operators
In this section we discuss Bohr inequality for multiple operators. We would like to compare
|α1A1 + α2A2 + · · · + αn An|2 =
∣∣∣∣∣
n∑
i=1
αi Ai
∣∣∣∣∣
2
(44)
with
p1|A1|2 + p2|A2|2 + · · · + pn|An|2 =
n∑
i=1
pi |Ai|2. (45)
For this purpose, expanding (44) and (45), we obtain∣∣∣∣∣
n∑
i=1
αi Ai
∣∣∣∣∣
2
−
n∑
i=1
pi |Ai |2 =
n∑
i=1
(
α2i − pi
)|Ai |2 + ∑
1i< jn
αiα j
(
A∗i A j + A∗j Ai
)
.
Consider the term (α2i − pi)|Ai|2 + αiα j(A∗i A j + A∗j Ai) + (α2j − p j)|A j|2. We know that
Xij :=
(
α2i − pi αiα j
2
)
α jαi α j − p j
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α2i − pi
)|Ai|2 + αiα j(A∗i A j + A∗j Ai)+ (α2j − p j)|A j|2  0.
Deﬁne X := (xij) where
xij =
{
α2i − pi, i = j;
αiα j, i = j.
Note that Xij is just the principal submatrix of X determined by deleting all but ith and jth row and column. Thus if
X is positive semideﬁnite, which occurs if and only if all principal submatrices of X are positive semideﬁnite, then the
corresponding quadratic form involving absolute values of operators
n∑
i=1
(
α2i − pi
)|Ai |2 + ∑
1i< jn
αiα j
(
A∗i A j + A∗j Ai
)
must be positive. So this argument yields the main result of this paper:
Theorem 26. Let Ai ∈ B(H) and αi, pi ∈ R for i = 1,2, . . . ,n. Deﬁne X := (xij) where
xij =
{
α2i − pi, i = j;
αiα j, i = j.
If X  0, then∣∣∣∣∣
n∑
i=1
αi Ai
∣∣∣∣∣
2

n∑
i=1
pi |Ai|2. (46)
If X  0, then∣∣∣∣∣
n∑
i=1
αi Ai
∣∣∣∣∣
2

n∑
i=1
pi |Ai|2. (47)
It is not easy to ﬁnd the necessity and suﬃcient condition for the equality case, since in order to get the difference 0,
each quadratic form involving absolute values of operators, which is corresponded to submatrices Xij , need not be zero. But
we observe that if X = 0 or Ai = 0 for all i, then the equality holds. We remark that the domination between (44) and (45)
depends on the domination between the representative matrices Y = (yij) of (44) and Z = (zi j) of (45) where
yij = αiα j and zi j =
{
pi, i = j;
0, i = j.
This result shows a connection between operator theory and matrix theory.
Many operator inequalities can be derived from this theorem by choosing appropriate values of parameters.
Corollary 27. For Ai ∈ B(H) and positive real numbers ti (i = 1,2, . . . ,k) such that∑ki=1 ti = 1, we have
|t1A1 + t2A2 + · · · + tk Ak|2  t1|A1|2 + t2|A2|2 + · · · + tk|Ak|2. (48)
Proof. It is just the special case αi = pi for all i and ∑ pi = 1 in Theorem 26. Since ti := αi  1 for all i, it is easy to see
that X  0. 
This result was ﬁrst proved in [5, Theorem 7]. Moreover, using the idea of proof of Theorem 26, we obtain the following:
Theorem 28. Let Ai ∈ B(H) and αik, pi ∈ R for i = 1,2, . . . ,n and k = 1,2, . . . ,m. Deﬁne X := (xij) where
xij =
{∑m
k=1 α2ik − pi, i = j;∑m
k=1 αikα jk, i = j.
If X  0, then
m∑∣∣∣∣∣
n∑
αik Ai
∣∣∣∣∣
2

n∑
pi |Ai |2. (49)
k=1 i=1 i=1
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m∑
k=1
∣∣∣∣∣
n∑
i=1
αik Ai
∣∣∣∣∣
2

n∑
i=1
pi |Ai |2. (50)
The results in this paper generalize the previous works [2,3,5]. They behave like generators; a number of operator
inequalities can be obtained by choosing appropriate values of parameters.
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